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1 Introduction

In the age of globalization, markets no longer resemble repeated games in which players always interact
with the same partners. Players can easily find and change partners via world-wide transportation
and the internet. However, the past behavior of newly found partner(s) may not be perfectly observ-
able, because there are always ways to erase one’s past record such as changing locations or names.®
The framework of voluntarily separable repeated Prisoner’s Dilemma? (VSRPD) addresses this new
opportunity of moral hazard.

When one can easily find a new partner who cannot know the opponent’s past behavior, there is
no Nash equilibrium in which all agents in the society act cooperatively towards a new partner. This
is because, if all agents cooperate with strangers, a player who defects and changes partners every
period will earn the highest one-shot payoff each time, i.e., starting every new match with cooperation
is not a best response to itself.2

To sustain long-term cooperation, the literature proposes mainly two kinds of equilibria. One is
trust-building/gradual-cooperation equilibria, in which partners do not fully cooperate initially but
only after both players have persisted through low payoffs of mutual non-cooperation for a sufficient
number of periods.? Defecting against a cooperative partner results in the slow process of trust-
building with a new partner, which is the punishment. The other is the “fundamentally asymmetric”
equilibrium (Fujiwara-Greve and Okuno-Fujiward, 2012, [zquierdo et all, 2014, and [Fujiwara-Greve ef
all, POTH) which consists of conditional cooperators (who always cooperate but stays with the partner
if and only if mutual cooperation is observed) and myopic defectors (who always defect and leave

immediately). In this equilibrium, the existence of myopic defectors gives incentives for conditional

!See for example, Datta (I99H).

2See for example, (Ghosh and Rayl (I996), Kranton (I996), Carmichacland Macleod (I997), Eeckhouf (2006), Fujiwaras
Greve and Okuno-Fujiwara (2009), [Rob and Yang (P010), and Mcadams (2001). Some of these use Prisoner’s Dilemma
with more than two actions. There are also dynamic analyses by Schumached (2013) and [zquierdo et al] (2014), focusing
on stationary or Markov strategies.

3 All of the above models assume one-to-one matching. In a many-to-many matching model, Immarlica ef_all (21I14)
showed that, if the one-shot deviation gain is small, the symmetric, fully cooperative equilibrium exists. The key is that,
in their model, cooperators can accumulate multiple partners while myopic defectors cannot.

*See also Wafson (20002) for an exit game which gives gradualism.



previous new
period (c,c) | (D,C) | (C,D) | (D,D) match
Okuno-Fujiwara Stay rate | 0.999 | 0.699 | 0.427 | 0.458

et al. (2019) C rate 0.963 | 0.510 | 0.587 0.3 0.3351
Lei et al. Stay rate 1 0.741 | 0.722 | 0.519

(estimated) (2018) C rate 0.811 | 0.666 | 0.264 | 0.268 0.165
Lee (2018) Stay rate | 0.9983 | 0.906 | 0.636 | 0.6374

C rate 0.949 | 0.315 | 0.231 | 0.033 | around 0.25
Honhon and (S,S) rate | 0.998 | 0.804 | 0.655 0.36
Hyndman (2017) | (C,C) rate | 0.9776 0.2063 0.016 0.65/0.37

Table 1: Experimental observations of VSRPDF

cooperators to stay with each other, which requires mutual cooperation.

Although trust-building/gradual cooperation and the co-existence of cooperators and defectors are
both plausible in many contexts, we still observe different kinds of behavior in voluntary partnership
situations. Table M shows summary statistics of some recent experiments of (slightly varied) VSRPD
with no information flow across partnerships.? Three robust observations across these experiments
are (i) that partnerships are not always terminated even if (C,C) is not played, (ii) that staying and
cooperation rate are nearly 100% after mutual cooperation, and (iii) that both C' and D are chosen
after other action combinations as well as in new matches. (Table @ should not be interpreted that
Markov strategies are the most common behavior. See Okuno-Fujiwara et all], 2009.) Although the
efficient behavior (ii) has been embedded in all existing equilibria, the tolerant behavior (i) and the
behavioral diversity (iii) (in particular after mis-coordination) have never been addressed because
all existing equilibria use immediate termination of a partnership as the main disciplining device (cf.
Leief all, POTR).

In this paper we construct new equilibria which are consistent with the observations (i) to (iii).

SWe computed Lee’s C rate from her Table 10 and Graph 2. (Pooled data of three treatments that allow voluntary
separation.) The C rates of new matches of Honhon and Hyndmar (2017) are individual C rates for the very first period
of the dynamic game (0.65) and across all dynamic games (0.37) respectively.

SOkuno-Fujiwara et _all (P019) is most closely designed to implement the model of VSRPD using the doubly-
stochastic horizon such that each partnership and the entire dynamic game are independently and randomly ter-
minated every round. Led (20IR) and Honhon and Hyndman (2007) (TBA-U experiment) have only random termination
of the dynamic game. Leiefall (201R) is a finite horizon (40 rounds) game. Leiefall (Z01R) only reports estimated action
rates and Honhon and Hyndmar (2007) do not report individual subjects’ action rates except for the new matches.



The construction is by tolerant extensions of the conditional cooperator strategy and the myopic
defector strategy: each player has some periods of initial tolerant phase, during which (s)he plays
a pre-planned action sequence and does not voluntarily leave the match regardless of the partnership
history, except when (C,C) is established, in which case (s)he becomes a conditional cooperator.
After the tolerant phase is over, (s)he commits to either the conditional cooperator strategy or the
myopic D-and-Leave strategy. This class of tolerant strategies describes human behaviors such that
people want to “wait and see” how a new partnership develops before deciding to commit to a certain
strategy. Since you are not fully committed to a certain behavior rule, you can also expect that the
partner does not either and can tolerate her/his behavior for some time. As the strategies to commit,
we simplify the analysis by focusing on the two simple but important strategies in the fundamentally
asymmetric equilibrium of Fujiwara-Greve et all (2017).

The existence of the fundamentally asymmetric equilibrium guarantees the existence of the tolerant
equilibria (parameterized by the maximal length of the tolerant phase among the players). Therefore,
voluntary relationships do not necessarily imply gradual cooperation nor a simple dichotomy of co-
operators and defectors. Any action combination sequence can be observed for some periods, unless
(C,C) is chosen. The model has a single homogeneous population facing an identical game, and thus
we showed that heterogeneity among player characteristics is not needed for this behavioral diversity.

Tolerance and behavioral diversity support each other. On one hand, the tolerant phase allows
initial behavioral diversity, because players stay after any partnership history with the hope to coor-
dinate on mutual cooperation eventually or to exploit the partner at the end. On the other hand,
behavioral diversity makes tolerance and long-term cooperation viable for two reasons. First, after
any initial action history of a match, there is still a chance that the current partner cooperates in
the future, because of the diverse strategy distribution in the matching pool from which the current
partner comes. Second, going back to the random matching pool is risky because of the behavioral
diversity as well.

The tolerant equilibria, with varied length of the initial tolerant phase, are all payoff-equivalent to



one another, and the degenerate one is the fundamentally asymmetric equilibrium. [Fujiwara-Greve
ef_all (2015) showed that the fundamentally asymmetric equilibrium is more efficient than any Nash
equilibrium consisting of trust-building/gradual-cooperation strategies, under some payoff condition
of the Prisoner’s Dilemma. Hence the tolerant equilibria are also more efficient than any trust-building
equilibrium under the same condition.

Since the game is an extensive-form game, it is desirable to investigate some refinements of Nash
equilibria. We consider evolutionary stability, which is a strong refinement? of Nash equilibria by
requiring robustness against positive measures of “mutants” who play different strategies from the
equilibrium ones. Our model naturally embeds the underlying assumptions of evolutionary game
models: it is a population game (Sandholm, 2010) and there is a death and birth process where natural
selection as well as mutation/experimentation can take place. Moreover, evolutionary stability does
not require that players know/have a consistent belief of the matching pool strategy distribution,
which is also the case in experiments and the real world.

We show that tolerant equilibria are not less or more evolutionarily stable than trust-building
equilibria. Specifically, tolerant equilibria are robust against “dispersed” mutants but not robust
against coordinated pure-strategy mutants. By contrast, the (intolerant) trust-building equilibria are
robust against any coordinated pure-strategy mutant, but not robust against some combinations of
tolerant mutants, including the dispersed ones. We also note that Nash equilibria with only defecting
players (tolerant or not) are less stable than both tolerant and trust-building equilibria.

In summary, tolerance and huge behavioral diversity, including cooperation with strangers, are
equilibrium phenomena in a homogeneous population, even though players can defect and run away
without information flow to future partners. This is an encouraging result for cooperative people under
globalization. Moreover, there is no theoretical foundation that exclusion of heterogenous individuals

from a population necessarily leads to a coordinated, cooperative society.

"For normal-form games, Evolutionarily Stable Strategy concept (Maynard Smith and Pricd, 1973 and Maynard
SmifH, [987) is a stronger requirement than trembling-hand perfect equilibrium (because the ESS constitutes a proper
equilibrium, see kanDammé, T9X7), and trembling-hand perfect equilibrium and sequential equilibrium are essentially
the same (Selfen, [975).



Table 2: Prisoner’s Dilemma: g > ¢ >d > ¢ and 2¢c = g + /.

The rest of the paper is organized as follows. In Section 2, we describe the model and the funda-
mentally asymmetric equilibrium of Fujiwara-Greve et all (2015), which is the “basis” of the tolerant
equilibria. In Section 3, we construct the tolerant equilibria and examine their properties. Section 4

concludes the paper.

2 Model and Preliminaries

2.1 Voluntarily Separable Repeated Prisoner’s Dilemma

The model of Voluntarily Separable Repeated Prisoner’s Dilemma (VSRPD) introduced by [Fujiwara
Greve and Okuno-Fujiwara (2009) (henceforth Greve-Okuno) is a population game where randomly
matched pairs of agents play the Prisoner’s Dilemma (Table B) repeatedly as long as both partners
choose to stay. The time horizon is discrete, and the population is homogeneous and of size 1.

The time line (illustrated in Figure M) and information structure are as follows. At the beginning of
each period, each player either is matched with a partner from the previous period or enters a random
matching process to find a new partner.® Newly matched players do not have information regarding
one another’s past actions. Matched partners play the symmetric Prisoner’s Dilemma, their choices
observable only to their current partners. After observing one another’s actions in the Prisoner’s
Dilemma, the partners simultaneously choose between “Stay” and “Leave”. A partnership dissolves if
at least one partner chooses to leave. In addition, at the end of each period, players face an exogenous
risk of exiting from the society, which we call “death”, and survives to the next period only with
probability 6 € (0,1). If a player dies, a new player enters the society, keeping the population size

constant. Newly born players and players who lose their partners either through death or by choice

8TFollowing Greve-Okuno, we assume that the matching probability is 1. This makes cooperation most difficult, under
the no-information-flow assumption below.
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Figure 1: Timeline of the VSRPD

enter the matching pool in the next period. In sum, a partnership continues if and only if both
partners live and choose to stay. In this case the partners play the Prisoner’s Dilemma again in the
next period, skipping the matching process. The game continues this way ad infinitum.

The one-shot payoffs in the Prisoner’s Dilemma are in Table B, where g > ¢ > d > £ and 2¢ 2 g+/.
The latter condition justifies our focus on (C,C) as the “focal” outcome of cooperative partnerships.
Even if partners could alternate (C, D) and (D, C), it is not better than repeated mutual cooperation.
Each individual player’s game continues with probability §, hence § is the effective discount factor of
a player. (However, even if both partners choose to stay in the partnership, the partnership continues
only with probability §2.)

This model mimics a long-horizon, large market /society. Each player is so small that an individual
player’s strategy does not have an impact on the social distribution and her/his past behavior is difficult
to verify to a randomly matched new partner. With the ease of finding a new partner, this model
makes cooperation very difficult. In other words, if cooperative long-term partnerships are sustained
in this model, they also exist in models with some information transmission and/or “unemployment”

such that the probability of finding a new partner is less than 1 and waiting for a partner is costly.
2.2 Private strategies and match-independent strategies

In the VSRPD model, the largest class of pure strategies is the private strategies, which choose actions
based on each player’s private history from her /his birth until death. However, since the population is a

continuum and there is no information flow across partnerships, the “contagious” strategies (Kandori,



1992 and [Ellison, 1994) that change behavior towards a new partner based on one’s private history
with past partners cannot make an impact on a positive measure of the population and hence are
irrelevant. Thus, although we define the private strategies for the completeness of the paper?, we
focus on equilibria consisting of match-independent strategies which base actions only on the (mutually
observable) history within the same partnership.

For each player, let 7 =1,2,3... be her/his life periods starting at the “birth” into the matching
pool (not the calendar time of the game nor the periods in a particular match). Let H; := {new} be

the degenerate set of “private histories” that a newborn player has. For each 7 = 2,3,..., let
H, = {new} x [{C, D}? x {Stay, Leave}? x {new, continuing}]("~")

be the set of private histories of a player, which records whether the match is a new one or a continuing
one, and the action combinations within the experienced matches until the beginning of 7-th period
of her/his life. (Recall that all players in the matching pool gets a partner every period. So each
player observes a PD action combination and Stay/Leave choice combination every period with some
partner. A player also learns whether the current match is a new one or a continuing one, but not the

past action history of a new partner.)

Definition 1 A (pure) private strategy of a player is a sequence of cooperate/defect and stay/leave
decision rules s = (x5 r, ys,7)22; such that for all 7 =1,2,...,
zsr: Hr = {C, D},

Ys.r : Hr x {C,D}? — {Stay, Leave}.

The set of pure private strategies is denoted by 8. In particular (and following the literature), we
focus on the class of match-independent (private) strategies, defined below, to construct equilibria.
Denote by t = 1,2,... the period within the same partnership. For each player, if a partnership

dissolves, the next partnership starts at ¢t = 1.

9This is also to clarify that a Nash equilibrium is defined as usual. We thank Michihiro Kandori for pointing out the
need of this clarification.



Definition 2 For eacht = 2,3..., define the set of partnership histories as private histories of a single

continuing match for ¢-periods:
H; := {new} x [{C, D}* x {(Stay, Stay)} x {continuing}]*~*
and the partnership history at ¢ = 1 is the degenerate one; H; = {new}.

Definition 3 A (pure) match-independent strategy is a sequence of cooperate/defect and stay/leave
decision rules s = (x4, yst)j=; which only depend on the partnership periods ¢t = 1,2,... and part-
nership histories;

zst  H — {C, D},

yst : Hy x {C, D}? — {Stay, Leave}.

If a player uses a pure, match-independent strategy s, (s)he always chooses the same action 41 €
{C, D} at the beginning of any new match, and follows s thereafter in any match. The set of pure,
match-independent strategies is denoted by S. Denote by P(S) the set of all probability distributions
over S. A strategy distribution p € P(S) is interpreted that p(s) € [0, 1] of the players use the pure
strategy s, for each s in the support of p, by the Law of Large Numbers (Sun, 2006). For notational
simplicity, s € S is also interpreted as the strategy distribution in P(S) that puts mass one on s.

From the evolutionary game perspective, we assume that each player is endowed with a pure
strategy throughout her/his life, but the analysis does not change if each player randomizes among

the equilibrium strategies at the birth and sticks to the realized pure-strategy for the rest of the life.

2.8 Average payoff function

Each strategy’s long-run payoff should be measured from its birth into the matching pool until its
random death. Hence we focus on the stability of stationary strategy distributions in the matching

pool.™ Stationarity is needed to explicitly compute the average long-run payoff of each strategy.

0The strategy distribution in the matching pool is not the same as the strategy distribution of the entire society,
because the partnerships do not end simultaneously for all players. However, each stationary distribution in the matching
pool induces a unique stationary distribution of all “states” of partnerships (classified by the partnership histories) in
the society. See footnote 7 of Greve-Okuno.



For any s,s’ € S, let T(s,s’) be the planned duration of the partnership between a player with
strategy s and a player with strategy s, and let U(s, s’) be the total expected payoff for the s-player
matched with an s’-player. Under the stationary distribution p in the matching pool, the probability
of being matched with an s'-player is p(s’) every period, by the Law of Large Numbers of the dynamic
random matching framework (Duffie et all, 20I8™). Hence the lifetime expected payoff V (s;p) of an s-
player facing a stationary distribution p (with a countable support) in the matching pool is recursively
formulated as

Visp= Y ps) [U(s, ) 01— 8){14 6%+ 4 62Tl 4 G2{T (-1 5]V(s;p)]
s’ €supp(p)
To explain, the s-player loses the partner due to “death” before the T'(s, s')-th period with probability
S —0){1+6%+-- + 62{T(3’sl)*2)}. With probability 62{7(5)=1} . § the partnership successfully
continues T'(s, s’) periods and the s-player lives to the next period to go back to the matching pool.

Denote the expected length of an (s, s')-pair by L(s,s') = 14 624 --- 4 §2{T(5)=1} Then,
S(1—=0){1+ 624+ 82 T2 o g1 (D=1 5 — 1 — (1 — §)L(s, 5,

where (1 — §)L(s,s’) is the probability that the s-player dies when the partnership could continue.

Hence,

Visp)= > p&)|Ulss) +{1— (1 =0)L(s,s)}V(sip)]

s' €supp(p)

= Y w6 U] Ve X w3 )= 9)Liss)]
s’ esupp(p) s’€supp(p) s’ €supp(p)

[ 3 o) U]+ VEni-a-8 X b)),
s'€supp(p) s'€supp(p)

so that the average lifetime expected payoff of an s-player facing a stationary distribution p in the

matching pool is
Zs’Esupp(p) p(SI)U(S’ S/)

Zs’esupp(p) p(S/)L(87 S,) .

v(s;p) == (1 —0)V(s;p) = (1)

HTheir “mutation” should be interpreted as changes of each player’s “states” which is a combination of whether the

player is a newborn or not and the strategy (s)he has.



Unless p is a symmetric distribution of a single pure-strategy, this average lifetime payoff is not
linear in the share p(s’) of any strategy s’ € supp(p). For later reference, denote the numerator by
U(s;p) = 3 gesupp(p) P(8)U(s,8') and the denominator by L(s;p) := 3 e qupp(p) P(8)L(s,8"). These

are linear in the share of each strategy, and we have that

(2)

v(s;p) =

It is not easy to compare the average payoffs of different strategies, because they may differ not only
in the numerator U(s;p) but also in the denominator L(s;p). The next lemma makes the comparison
easy. For any stationary strategy distribution p € P(S) in the matching pool and two pure strategies
s,5 € S, define

AU(3,s;p) == U(5p) = Ul(s;p);

AL(3,5:p) := L(8;p) — L(s; p).
These are linear in the shares of the strategies and are easy to compute.

Lemma 1 For any p € P(S), any s €S, and any § € S,

(i) if AL(S,s;p) > 0, then

| N _ AU (3, s;p)
v(sip) > v(8p) <= v(sip) > AL(3, s;p)’
(i) if AL(3,s;p) <0, then
‘ N ‘ —AU(3,s;p)
v(sip) > v(&ip) = vlsip) < —xpE

Proof. See Appendix.

An intuition for Lemma 0 (i) is that, when AL(S, s;p) > 0, the “less tolerant” s-strategy performs
better if and only if the average extra payoff % that the “more tolerant” s-strategy gets by
its tolerance is less than the payoff v(s;p) that s gets by going back to the matching pool. (Since s

and § are facing the same strategy distribution p, longer L(§;p) means that § does not leave some

partnerships that s leaves.) Lemma [ (ii) is analogously interpreted.

10



AU(3,5:p)

AL(3s5: has many terms in the numerator and the denominator. We have a
+5;P)

Sometimes, the ratio

lemma to simplify the computation of % as well.

Lemma 2 For any finite J € N, any Ay,...,A; € R, and any By,..., By € Ry,

J

A A A
‘min J}g%é ‘max {=1}.
j=1,..0 " B; ijl Bj =l B;

Proof. See Appendix.

2.4 Fundamentally asymmetric equilibrium

Before going to the construction of tolerant equilibria, we review the fundamentally asymmetric equi-

librium of [Fujiwara-Greve et all (2015).

Definition 4 Let cq-strategy be a match-independent strategy™ as follows: in any period ¢ = 1,2, ...
of a partnership and after any partnership history, play C' and, after that, stay if and only if (C,C) is
observed in that period.™

Let dgy-strategy be a match-independent strategy as follows: in any period ¢t = 1,2,... and after any

partnership history, play D and leave.™

The cop-strategy is similar to the C-trigger strategy in the ordinary repeated Prisoner’s Dilemma,
but leaving the partnership is the punishment. The dp-strategy is the most myopic strategy. The
do-strategy constitutes a symmetric Nash equilibrium for any 6 € (0,1)™, but the co-strategy does

not. An interesting property of the VSRPD is that these two strategies can make a Nash equilibrium.

Definition 5 A stationary strategy distribution p € P(S) in the matching pool is a Nash equilibrium
if, for all s € supp(p) and all s’ € 8™,

v(s;p) 2 v(s'sp). (3)

1276 be precise, this is a class of strategies, because we allow any off-path action plan in the information sets which
are not reachable. The same caveat applies to other definitions of specific strategies.

BFormally, for any ¢t = 1,2,... and any h € He, Tey.t(R) = C, yeo.t(h, (C,C)) = Stay, and ye, ¢ (h, (a,a’)) = Leave for
any (a,a’) # (C,0C).

“Formally, for any t = 1,2, ... and any h € Hy, Zay,:(h) = D, yay.:(h, (a,a’)) = Leave for any (a,a’) € {C, D}

15See Greve-Okuno Section 2.3, where it is called the cz—strategy.

16 Although we did not explicitly derive v(s';p) for each private strategy s’ € 8, it is possible to compute the
continuation payoffs of all relevant one-step deviations, which are not restricted to be match-independent ones.

11
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Figure 2: Locally stable cg-dy equilibrium

Lemma 3 (Fupiwara-Greve and Okuno-Fupward (12013), [Fupiwara-Greve et all (2015) and

ef_all (2014)) There exists 0,,q, € (0,1) such that § > 8,4, if and only if there is a unique™ @(d) €
(0,1), such that the bimorphic distribution pe,q,(6) = a@(d) - co +{1 —a(d)} - do is a Nash equilibrium
with the following “local stability” property: for each s € {co,dp}, there exists € € (0,1) such that, for

any € € (0,€),
v(s'; (1 — €)p+ €s) > v(s; (1 — €)p + es),
where s’ # s is the other strategy in {co,do}.

Figure B illustrates the intuition behind the payoff-equivalence of the co- and the dyp-strategy for
sufficiently large 0, and the local stability. For notational convenience, for each z € {cp,dp} and any

€ [0, 1], denote

Uo(z;0) :=Ul(z;a - co + (1 — a)do);

Lo(z; ) := L(z;0 - co + (1 — a)dp);

vo(z; ) = IU/(?E:Z; =v(z;a- o+ (1 — a)dp).

7"The other payoff-equivalent ratio of the co- and the do-strategy does not make the bimorphic distribution locally
stable.

12



Explicitly, the average payoff of the cg-strategy is

vo(co; @) = a- Uy, co) + (1 = a)U(co, do) _ a5+ (1 —a)l n
OV a- L(co,co) + (1 —a)L(co,do) a2+ (1—a)

Hence it is monotone increasing and concave in «. By contrast, the average payoff of the dg-strategy

is linear in o:

e L

The concavity of vg(cp; ) is due to the voluntary nature of partnerships. As the survival rate §
increases, the average payoff of the cy-strategy increases for any «, because cyp-pairs last longer. Hence,
the average payoff function of the cy-strategy becomes more concave as ¢ increases. For sufficiently
high §’s, the average payoff functions of the two strategies have two intersections and the one with
the larger share of the cy-strategy is locally stable. Let us call this share @(d) the C-D ratio.

Payoff equivalence of the cg- and the dyp-strategy implies that they constitute a Nash equilibrium,

by the following Lemma shown in Fujiwara-Greve et all (2015). (This lemma will be useful later.)

Lemma 4 (Lemma 5 of Fujiwara-Greve et all (2013)) Fix an arbitrary § € (8.,4,,1) and let vM =
vo(co; @(0)) = vo(do; @(8)). The common payoff v™ satisfies the Best Reply Condition in Greve-Okuno

with the strict inequality:

oM c 5(1—06) oM
90T <T@ T 15 1-5 (6)

The LHS of (B) is the continuation payoff of a one-step deviation from the co-strategy to play
D when it is certain that the partner also has the co-strategy (i.e., in t = 2 and after h with only
(C,C) has been observed), and the RHS is the continuation payoff of the cp-strategy, with random
death of the partner included. It can be shown that other one-step deviations from either the ¢y- or
do-strategy after some partnership history are not beneficial, either. Therefore, for each ¢ € (d,,4,,1),

the bimorphic distribution pe,q,(0) = @(d) - ¢o + {1 —@(0)} - do is a Nash equilibrium.
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3 Tolerant Equilibria

3.1 FExample: One-period tolerant equilibria

To give an intuition of our main result, in this subsection we explicitly construct a class of Nash
equilibria in which some players do not end a partnership at the end of t = 1 regardless of its history
(corresponding to the observation (i) in Introduction) and, if (C,C) is established, all players stay
and play C again (corresponding to the observation (ii)). Intuitively, in the first period of a new
match, players “take a look” at each other and not fully committed to behave cooperatively like the
co-strategy or myopically like the dg-strategy. While “taking a look”, players can differ in the initial

action, and that is tolerated.

Definition 6 For any (initial) action X € {C, D} and any strategy z € {co, do}, the 1-period tolerant
strategy, denoted X, is a match-independent strategy such that

if t = 1 (Tolerant phase): play X and stay for any observation;

if t = 2 (Commitment phase): play the cp-strategy as the continuation strategy if (C, C') was observed

in t =1, and play the z-strategy otherwise.

Specifically, there are four 1-period tolerant strategies C¢,, Cq,, D¢, and Dg,. Only the Cy,-strategy
has two possible continuation strategies in ¢ = 2, depending on whether the ¢ = 1 outcome was (C, C')
or (C, D) (the first coordinate is the relevant player’s action). The ¢o- and the dy-strategy can be also
interpreted as degenerate O-period tolerant strategies.

Fix an arbitrary ¢ € (d.,4,, 1) and consider a class of strategy combinations of the form

p1=a@)[B - co+ (1 = B){a(d) - Cep + (1 —a(6))Cay}]
(1= a(B)y - do + (1~ 7){@(0) - Dey + (1~ a(8))Da Y, 38,7 € [0, 1) (7)
Equivalently, we can write (@) as follows: all of the relative ratios between C-start strategies (co, Cey, Cay)

and D-start strategies (do, D¢y, Da,), between C,, and Cy,, and between D., and Dy, are the C-D

ratio, i.e., (with notational simplification such that p(s,s’,...,) = p({s,s’,...}))

p1(Xe _
1(co, Cug, Cog) = @(8), VX € {C, D}, pr(Xug, Xay) >0 = _nXe) a(s). (8)
pl(XcoaXdo)
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you \ partner co \ Ceo \ Ca, do ‘ D, ‘ Dy,
C-start (a@(9)) D-start (1 —@(0))
a(d): 1 —a(9) a(d) :1—a(9)
co cc,. C,Cyoo. | Cicy... | £ |0 14
Ceo ¢, c,. c,c ... | coe, L | bee...| L0
Ca, c, . C,Co. | Cocy... | £ | lg l,d
do g g g d|d d
D, g g,c, ¢, ... | gt d | dcc,...|d/?
Dy, g 9,9 g,d d |dg d,d

Table 3: Within-partnership payoff sequences in p;

There is freedom regarding whether p; (X,,, Xq4,) > 0 or not, for each X € {C, D}, corresponding to
whether 5,7 < 1 or not. Therefore, this class includes the two-strategy equilibrium of p.,q4,(d) and
distributions with three to six strategies in the support. Table B shows the payoff sequences of all
possible partnerships and the relative ratio structure, which helps to understand the payoff equivalence

of all constituent strategies in pj.

Proposition 1 For any § € (8.,4,-1) and any B,7 € [0,1], p1 defined by (1) or (8) is a Nash

equilibrium and is payoff-equivalent to peyd, ().

Proof of Proposition M. Fix an arbitrary § € (J,,4,,1) and arbitrary 3, € [0, 1].

Step 1: v(co;p1) = v(do; P1)-
Proof of Step 1: From Table B,

v(co; 1) = _pl(C()?CCO’CdO)ﬁ +_ﬁ1(dO’DCD’DdO)€ = 67(6) et 57(6))6 = vp(co; @(9));
p1(co, Cy, Cdo)ﬁ + p1(do, D¢y, Day) -1 @(9) - ﬁ + (1 —a(9))

p1(co,Cey, Cay) - 9+ P1(do, Dey, Dygy) - d

p1(co,Cey, Cay) - 1 4+ P1(do, Dey, D) - 1

v(do; p1) = =a(0) - g+ (1 —a(8))d = vo(do; a(9))-

That is, the average payoff of the co-strategy (resp. dp-strategy) under p; is the same as the one under
the fundamentally asymmetric equilibrium p.,q,(6). By the definition of the C-D ratio in Lemma B,

v(co; 1) = vo(co; () = vo(do; @(d)) = v(do; p1). O

Step 2: For each s € {C,,,Cq,}, v(s;p1) = v(co; P1)-

15



Proof of Step 2: From Table B,

UCawin)(= > ms)U(Cy))

sEsupp(m)

= 171(00,0(:0,0%) + p1(do, Deyy Dy ) + %P1 (De ) + 6%p1(Dy, )¢

5 =
= a(6) 5 + {1 —al)}
_ P1(Dey) ¢ P1(Dey)
+52p1(Dcodeo)[ﬁl(jljcmDdo) 1o ( B m)ﬂ

o (s P Pe0)
= Up(c; @(6)) + 6*1(Deys Day) - U (co; p1<DCO,Ddo>)‘

Hence

— — — — pl(Dc )
AU(Ccm COQPI) = U<Cco§p1) - U(COQPI) = 52P1(Dc07Ddo) U <Co; pl(Dc();ODdo))

That is, the payoff difference between C,, and ¢y is the continuation payoft in the second period
of a partnership in which (C,C) is not established in the first period, or with the partners using a

D ,-strategy for some z € {cg,dp}. Similarly,

1
5 +5°p1(Da,) - 1

- ) , M
= Lo(co;@(6)) + 6°p1(Dey, Day) - Lo (007 pl(DCO7‘Dd0))7

L(Coui 1) = 3(0) 55+ {1 6(0)} 1+ 8p1(Dey) - 5

.p1) = 6% Lo 1 Pe0)
= AL(Co ;1) = 891Dy Da) - Lo 05 =75 =),

If p1(Dey, Day) = 0, then AU(Cy,, co; p1) = 0 and AL(Cq,, co;p1) = 0, so that v(Cpey;p1) = v(co; p1)
holds. If p1(De,, Da,) > 0, from (@) or (8),

pl(DCO)
ﬁl(Dcoa Ddo)

so that the average payoff difference between the C,,-strategy and the cp-strategy is
_ . pl(Dco) ) _
AU(Cyy, co;5p1) UO( 05 51(Dey.Day) ) _ UO(CO- P1(Dey) *) = wo(co; @(0))
7]51(D007Ddo) ’

AL(Cey,coip1) Lo(co: Tmbr)
Q> 0

= a(9)

This means that the extra continuation average payoff that the C¢ -strategy gets by its tolerance is

the same as the average payoff of going back to the matching pool. By Lemma [ (i), we have
v(Cey;P1) = v(co; P1)-
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Next, consider Cy,-strategy. Again, from Table B,

B - _ ]jl(Dc )
U(Cays p1) = Uo(co:@(8)) + 8°p1(Dey Day) - Uo (do; M>

_ _ _ P1(Dey)
L(Cdoépl) = L0(00§ a(&)) + 52p1(D007 Ddo)LO (d0§ ]ﬁ(éco,lo)do))

The payoff difference between Cy, and ¢y is the continuation payoff difference after histories in which
(C,C) has not been established, or with the partners using a D,-strategy for some z € {cg,dp}. If

D1(Dey, Day) = 0, then v(Cqy; p1) = v(co; p1) holds. Otherwise,

AU(Cy,, co; p1)
AL(Cy,, co; P1)

B o ni(Dey) N _ -
=1 <d07 m> = vg(co; @(0)).

By Lemma [ (i), we have v(Cy,;p1) = v(co;P1)- O
Step 3: For each s € {D.,, Dg, }, v(s;p1) = v(do; p1).
Proof of Step 3: Analogous to the proof of Step 2.

Therefore, all strategies in supp(py) are payoff equivalent to one another and to the fundamentally

asymmetric equilibrium pe,q,(9).

Step 4: Consider any (on-path) partnership history such that the previous action combination was
(C,C). A one-step deviation from any strategy in supp(p;) involves either (Stay, D) or Leave. None

of these gets a higher continuation payoff than that of the equilibrium strategies.

Proof of Step 4: Let v* be the common average payoff of the equilibrium strategies starting in the
matching pool;

*

v* =v(s;p1), Vs € supp(p1)-

Hence V (s;p1) = v*/(1—=0). The assumption that (C, C) is observed implies that the future play path
of this partnership must be (Stay, Stay), (C,C), (Stay, Stay), (C,C),... as long as both partners live
(with probability 62 each period). However, with probability §(1 — §), a player survives the partner
and goes back to the matching pool in the next period. Hence the (non-averaged) continuation payoff

of any of the equilibrium strategies (measured at the end of a period right after the observation of
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(C,C) in the Prisoner’s Dilemma) is

ﬁhi%a+{ﬂ1—®+ﬁﬂl—®*““}'y-ﬂ+5u_5%ﬁﬁ
e 61— o v
=Tt e 1o T Y

By contrast, any one-step deviation to (Stay, D) gives g in the next period (if the partnership contin-
ues), but the match is terminated by the partner (who follows some strategy in supp(p1)). Hence the
continuation payoff of such a one-step deviation strategy is

v* v*

1o T

Plg+6-

and this is strictly less than (8) by Lemma &.

Any one-step deviation to leave after (C,C) but conforms to an equilibrium strategy s gives the

v*

(expected) continuation payoff of 6V (s;pr) = 6 - 1%5. Since v* = vg(co; @(d)) < g,

* * *

<&lg+s-— .

v
1_5]+6(1—5)1_5.

1-90

J -

Hence this kind of one-step deviation is worse than (8) as well. O

Notice that after an action profile (a,a’) # (C, C) in the first period of a match, all of Leave, (Stay,
C) and (Stay, D) are on-path actions. Therefore, it remains to consider (a,a’) # (C,C) in the second

period of a match.

Step 5: Consider any on-path partnership history such that the second period action combination
was (C, D), (D,C), or (D,D). A one-step deviation from some strategy in supp(p1) is either (Stay,
C) or (Stay, D). However, the partner (who follows some strategy in supp(p1)) terminates the match

after (a,a’) # (C,C), and hence these deviations all result in the same continuation payoff ¢ - lf‘fé

which is also the continuation payoff of the equilibrium strategies.

This completes the proof of Proposition . Q.E.D.

Intuitively, the construction of one-period tolerant equilibria is by the internalization of the fun-

damentally asymmetric equilibrium, pe,q,(0), when its play path leads them to the brink of dissolving
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co-dp equilibrium paths 1-period tolerant equilibrium paths

(©CO9 (... (©CO (...
(€O (o ...
(C,D) | (C,D)
(C.D) end (D,D)
end
(©CO9 (...
(D)D) i (D.D) | (C,D)
(D.D)
end

Figure 3: Internalization of the matching pool distribution

(see Figure B). Consider the moment when a player is about to leave a partnership in the pe,q,(0)-
equilibrium. If the probability distribution over the possible continuation strategies of the current
opponent is the same as the p.,q,(d)-distribution, then a player is indifferent between staying and
going back to the matching pool.™ Moreover, in this case, a player can play either the co-strategy or
the dp-strategy as the continuation strategy as well. Figure B illustrates that these strategies generate
all two-period action combination sequences consistent with the experimental observation (ii) that

(C,C) implies (Stay, Stay) and (C,C'). The next corollary is straightforward.
Corollary 1 (Behavioral diversity for two periods) Let
Ago = {[(alﬂa/l)v (a27a/2)] S {C,D}2 X {C,D}2 ’ (alﬂa’/l) = (07 C) = (a27a12) = (07 C)}

be the set of two-period “conditionally cooperative” PD action combination sequences. For any § €
(O¢ody> 1), any p1(8) satisfying (1) with some B,y € (0,1) generates all action combination sequences

in A%, with a positive probability.

8 This part of the logic is similar to the construction of the Co-De-indifferent equilibrium by Leietall (2018). However
our working paper (Fujiwara-Greve and Okuno-Fujiwara, 2016) precedes their work. Moreover, we allow any length of
memory, and therefore we are able to capture behavioral diversity.
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3.2 General tolerant equilibria

The construction of the class of 1-period tolerant strategies can be generalized by prolonging the initial

tolerant phase with a planned action sequence (see also Figure B in Section B3).

Definition 7 For any k = 0,1,2,..., any k-period sequence™ X = (X1, X»,...,X}) € {C,D}*, and
any z € {co,dp}, the k-period tolerant strategy, denoted X,, is a match-independent strategy such
that, for any period ¢t = 1,2, ... in a partnership,

if + < k (Tolerant phase): when (C,C) is observed in the previous period®™

, play the co-strategy as
the continuation strategy, and otherwise play X; € {C, D} and stay for any observation;
if t = k+1 (Commitment phase): when (C, C) is observed in the previous period, play the co-strategy

as the continuation strategy, and otherwise play the z-strategy as the continuation strategy.

k times

This class includes the X -strategy with X = D--- D and z = ¢y (we write this strategy as Dy, ),
which is a tolerant version of the k-period trust-building strategy in Greve-Okuno.

The set of k-period tolerant strategies is denoted by
gk = {XZ €S ’ X e {C,D}k, AS {Co,do}}.

For each £ = 0,1,2,..., the set of all tolerant strategies with k-period or longer tolerant phase is
denoted by Sﬁo = U;’ikS’j.

For notational convenience, define the set of all “C-start” and all “D-start” tolerant strategies:

Cy={X,eS5°|X,=C}

Dy :={X, e S| X, =D}.

For example, C; N S’é = {co,C¢y, Cq, }. Similarly, for each for each £k = 0,1,2,... and any k-period

action sequence X € {C, D}*, define the set of “XC-start” tolerant strategies and “X D-start” tolerant

19 As a convention, let {C, D}0 = (). Hence the co- and the do-strategies are included as degenerate tolerant strategies.
20Tf £ = 1, assume that this is not the case.
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strategies™:

XC, ={X.eSP¥|X' =X, scC}
XD, :={X,eSr|X' =X, se€ Dy}
(For k = 0, we use the convention §C; = C; and 0D, = D,.) For example, CC;, C S° and
CCy NS? ={C,,CCe,CCyy}.
Note that we can decompose the set XC; and XD, indefinitely. For example,
XCp ={X,uXCC, UXCD4

= (X, Y U[{XC,,} UXCCOC, UXCCD,]U[{XCy4} UXCDC, UXCDD,]

and so on. This means that if the support of some p does not contain X, , then it does not contain
any of XCCy,XCD,,... which are the set of longer tolerant strategies with the same initial action

sequence (Xi,..., Xk, C) (when X = (X1,..., Xg)).
Proposition 2 (Tolerant Equilibria) Fiz any 6 € (8.,4,,1). For each T =0,1,2,..., define

Pr(o) := {pT e P(STY| Vk=0,1,2,...,T, ¥X € {C, D}*,

pr(XCy)

pr(XCLUXDy) > 0= Pr(XC, UXD;

7= 6(5)}. (10)

Then, any distribution in pp € Pp(d) is a Nash equilibrium and is payoff-equivalent to the bimorphic

Peodo (0)-equilibrium.
Proof. See Appendix.

The strategy distributions in Pp(d) have a “branching” structure such that if a strategy in XC
or XD, exists in the support, then the relative ratio of these groups must be the C-D ratio (so that
the other group also exists in the support), but it is possible that, for some X, none of XC -start and

XD, -start tolerant strategies exist in the support.

21 Given an action plan X € {C, D}* and a tolerant strategy s = Y, the “concatenated” strategy X, is also a tolerant
strategy of the form XY .
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3.3 Behavioral diversity

If a strategy distribution in Pp(d) has the full-support in the sense that all of 0 to T-period tolerant
strategies exist in its support, it generates all Prisoner’s Dilemma action profile sequences for T+ 1
periods which are consistent with the experimental observation (ii) that (C,C) implies (Stay, Stay)
and (C,C). To state this formally, for each T = 0,1, 2, ..., define the set of “full-support” tolerant

equilibria:
Po(6) = {ﬁT € Pr(6) | Vk=0,1,2,...,T, VX € {C,D}*, pp(X,) >0, Vz¢ {co,do}}.

For any n = 1,2,..., let a class of n-period action profile sequences with the property that the

establishment of (C,C) implies long-term cooperation:

AL = {((al,all),...,(an,a;l)) € [{C, D}Q]" | Vm=1,2,...,n—1,

(ams @) = (C,€) = (ams,apr) = (C.C) .

Corollary 2 (Behavioral Diversity) For any 6§ € (8,,4,,1) and any T = 1,2,..., each distribution in

pr € Pp(0) generates all T+ 1-period action combination sequences in Az;“ with a positive probability.

The proof is straightforward from the definition of the tolerant strategies and the requirement that

any k-period tolerant strategy for k =0, 1,...,7T must exist in pp (recall also Figure B).

3.4  Efficiency

By construction, all equilibria in Pp(d) for all T = 0,1,2,... are payoff-equivalent to one another,
for a given § € (0,,4,,1). Fujiwara-Greve et all (2015) showed that when the “stake” (g — c) of the
Prisoner’s Dilemma is not too large, the fundamentally asymmetric equilibrium is more efficient than

any trust-building/gradual cooperation equilibrium.

Definition 8 For any £ = 0,1,2,..., the k-period trust-building strategy, denoted cy, is a match-

independent strategy such that, for any period t = 1,2,... in a partnership,
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if t £ k (Trust-building phase): play D and stay if and only if (D, D) is observed;

if t 2 k+ 1 (Cooperation phase): play C' and stay if and only if (C,C) is observed.

Remark 1 (Proposition 4 of [Fujiwara-Greve et all, 2015) For any (g,c,d,t) such that g — ¢ < (¢ —
d)?/(c — 1), there exists 6 € [0codos 1) such that for any 6 € (8,1), any Nash equilibrium distribution

q € P({co,c1,¢2,...}), and any s € {co, do},
V(85 Peodo (0)) = v(s'5q), Vs' € supp(q),

and the strict inequality holds for any Nash equilibrium q € P({c1,ca,...}) and any s’ € supp(q).

The idea is that, under the small stake condition, occasional exploitation of cg-players by do-
players is not so costly as compared to all players suffering from mutual defection at the beginning
of every match. Therefore, under the same payoff condition and §’s, all tolerant equilibria are

more efficient than any trust-building equilibrium.

3.5  Ewvolutionary Stability

Since the model is a population game (Sandholhml, PITM), it is desirable to investigate evolutionary
stability of the tolerant equilibria. However, the neutral stability concept in Greve-Okuno cannot be
satisfied by any tolerant equilibrium, just like the fundamentally asymmetric cg-dy equilibrium does
not satisfy it. Greve-Okuno required that all equilibrium strategies must perform weakly better than
any pure-strategy mutant. To distinguish from a more standard way to compare the mean payoff of
strategy distributions (see Definition [2), we rename their stability concept as S-Neutral Stability?,
where S stands for symmetric/single-strategy mutants, and also make the set of possible mutants

explicit, which is S in this concept.

Definition 9 (Greve-Okuno) A stationary strategy distribution in the matching pool p* € P(S)

satisfies S-Neutral Stability with respect to S (denoted S-NS(S)) if, for any s’ € S, there exists € € (0,1)

2[zquierdo et all (PUIR) call this concept Fujiwara NSD.
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such that for any s € supp(p*) and any € € (0,€),
v(s;(1—e€)p* +e-8)Zv(s;(1—e)p* +e-8). (11)

When there is on-path separation among the equilibrium strategies, there is a secret-handshake
strategy (Robson, [990, Mafsui, T991) which imitates an equilibrium strategy until when the latter
chooses to leave, stay instead and cooperate afterwards. If such a secret-handshake strategy enters
the population with a positive measure, the imitated strategy performs strictly worse than the secret-
handshake mutants. Hence no tolerant equilibrium satisfies S-NS(S), or even if we restrict the set of

symmetric-strategy mutants to ggo

Remark 2 For any 6 € (8.4,51), any T = 0,1,2,..., and any pr € Pr(5), pr does not satisfy
S-NS(S).

Proof of Remark 2. (Straightforward and can be omitted.) Fix an arbitrary ¢ € (J,.4,,1), any
T = 0,1,2,... and any pr € Pr(d). Among the equilibrium pure strategies, consider the most-
tolerant, always-D strategy s = Dgo. That is, take s € Si N supp(pr) such that there is no § = Dgg €
Sy N supp(pr) with m > k. (For T' = 0, s must be the dp-strategy. For T' =1, s is either dy or Dy,
depending on the support of p1.) Then there exists a “secret-handshake” mutant strategy s = D?OJF 1
which imitates s but stays in the partnership in k + 1-th period and starts cooperating in k + 2-th
period. This strategy has the same play path as that of the s-strategy against any equilibrium strategy,

and can establish long-term cooperation with another s'-strategy. Therefore, for any e € (0, 1),

AU(s',s;(1 —e)pr +e€-5')

= > . 1_ = Lo
AL(s s;(1—epr +e s) v(s; (L —e)pr +e-s),

and AL(s',s;(1 —€)pr + €-5') > 0. By Lemma [ (i), for any € € (0,1),

v(s;(1—e)pr+e-s) <v(s;(1—e)pr+e-s). Q.E.D.

In other words, the tolerant equilibria are not robust against coordinated mutants using a secret-

handshake strategy, which exists among the tolerant strategies.

24



The S-NS(S) concept by Greve-Okuno was defined mostly for the monomorphic distribution analy-
sis where both the equilibrium-strategy distribution p* and the potential mutant-strategy distributions
consist of a single pure-strategy. However, if p* has many pure strategies in the support, after mutants
perturb the matching-pool strategy distribution, incumbent strategies differ in the post-entry payoffs.
Hence, requiring each equilibrium strategy to beat all mutants is very strong. A more standard mea-
surement of the fitness/performance of a strategy distribution is to look at the mean payoff over the
relevant strategy distribution.

Also, we should include polymorphic-strategy distributions as potential mutant distributions. How-
ever, it is not fruitful to consider any distribution in P(S) from Remark 8. Thus we define a stability
concept with respect to a set of potential (polymorphic) mutant-strategy distributions, and inves-
tigate a “sufficient” set of mutant distributions which cannot de-stabilize the tolerant equilibria. To
avoid measure theoretic complications which do not give us new economic insights, we restrict our at-
tention to countable support distributions. Let Q C P(S) be the set of (match-independent) strategy

distributions with a countable support.

Definition 10 Given M C Q, a stationary strategy distribution in the matching pool p* € Q is Mean
Stable with respect to the mutants from M (denoted MS(M)) if, for any g € M, there exists € € (0,1)
such that for any € € (0,€),

Y Peu(ss(t—ap +eq)> Y qlshu(s i (1—e)p*+e-q). (12)

s€supp(p) s’ esupp(q)

Since we need to restrict the potential mutant distribution set M, we might as well require the
strict inequality. Note that the larger the M is, the stronger the stability is. If (I2) holds, some kind
of monotone/mean dynamic (see e.g., Sammnelson, 1997 and Sandholml, 2010) should support that any
mutant strategy distribution will be expelled, when mutant distributions are generated within M.

If M = @ and () is the weak inequality, Definition [ is the “matching-pool distribution” version

of the Izquierdo € van Veelen Neutrally Stable Distribution in [zquierdo et all (2018). Note also that
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Stay and C CcCy
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initial
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possible by
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Stay and D DD,
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possible by
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Leave do

Figure 4: Feasible action sequences over two periods by tolerant strategies

for any p*,q € Q, the “strategy-wise” comparison of the average payoffs as in (I),

Vs' € supp(q), Vs € supp(p*), v

may not imply (

s'€supp(q)

This means that the Mean Stability is fundamentally different from the stability considered in Greve-

Okuno.

In order to establish a Mean Stability result of all tolerant equilibria, we focus on mutants using
only tolerant strategies as well. A justification for this focus is that the tolerant strategies generate
all relevant play paths in the society. By behavioral diversity (Corollary B), the infeasible play paths
have the property [Stay and D] or Leave after observing (C,C') (see Figure @). Any strategy which

generates such a play path is a one-step deviation strategy and thus is not a best response. In other

s;(L—e)p* +e-5)>0(s

[2), because, when ¢ is polymorphic,

S oashu(ssA—ep teq)#E Y. g

s'€supp(q)

'(1—e)p

words, tolerant strategies are the candidates for equilibrium entrants.”

Another justification of our focus on the tolerant strategy mutants is that, among the tolerant

strategies, the explicit payoff comparison is possible. In general, it is very difficult to explicitly

ZFor a related concept, see Swinkeld (I992).

B —eptte-s),

fte-s).




compare the average payoffs of two (extensive-form) strategies such as

) Zs’Esupp(p) p(S/)L(§7 S/) ’

L Usip) _ Dvesumin PEW(s:8) - UG
YT T50) T S PO P TG

;p) Zs’esupp(p) p(s')U(§, S/)

P

because both the denominator and the numerator can be different, due to the endogenous lengths of
partnerships. By contrast, the structure of the tolerant strategies is so organized that for any pair of

tolerant strategies s and s* with the same initial action plan for some periods and s* has a shorter

tolerant phase than that of s (then we call that s* is an induced strategy of s),

U(s;p) —U(s*;p) 1o
vo(25q) = < vo(2'5q
olz4) L(s;p) — L(s*;p) ol#57)
for some z, 2" € {cp,do} and some ¢, ¢’ € [0,1]. Then Lemma [ can be invoked to compare v(s;p) and

v(s*; p) explicitly. (See the proof of Lemma B below.)

Definition 11 For any k = 1,2,... any k-period action sequence X = (Xi,...,X}) € {C, D}*, any
z € {co,do}, and any m = 0,1,2,...,k — 1, the induced m-period tolerant strategy of the (k-period

tolerant) X, -strategy is an m-period tolerant strategy X;m such that the planned action sequence

+1
for initial m periods is the same, X’ = (X1,..., X,,), and the commitment continuation strategy in

m + 1-th period of a match is

co if Xppp1=0C
TmAl = {do if Xppi1 = D.

Figure B illustrates a k-period tolerant strategy and its induced (k — 1)-period tolerant strategy.”
They behave the same way for k-periods but the induced (k — 1)-period tolerant strategy commits
to one of the cg- or the dp-strategy in the k-th period, depending on X = C or D. In general, a
k-period tolerant strategy and its induced m-period tolerant strategy (where k > m) behave the same
way for (m + 1)-period. This simplifies the average payoff comparison.

Next, we give an important lemma which shows External Stability® (if mutant distributions

are within some set of tolerant strategies): for any tolerant strategy mutant ', there is an equilibrium

24 As in the case of D,-strategies, those which do not choose C' at some point can be vacuously illustrated as in Figure
B as well.

25This property is similar to von Neumann-Morgenstern’s External Stability which is a part of their notion of Stable
Set (von Neumann and Morgenstertd, 1944).
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k-period
tolerant
(Xa,...,Xk)z-
strategy

Induced
(X1,...,Xk-1)x«-
strategy

Figure 5: k-period tolerant strategy and its induced (k — 1)-period tolerant strategy

strategy s* which performs strictly better than s’ does in the post-entry distribution. To show this,
we partition the mutant (tolerant) strategies using the induced-strategy structure. For each T =

0,1,2,..., and each (T-period tolerant) sp € ST, define
S(st):={s € S%OH | s7 is the induced T period tolerant strategy of s'}.

Then

S(s7) NS(37) =0, Vst # é7 € S1, U, 3, 5(s1) = 55,5

Lemma 5 (Ezternal Stability) For any 6 € (0y4,,1), and each T =0,1,2,..., define

_ . q(XC4) _
M = 0" . .
r0) = {a € PED) L swp@ ST A0, e e Sy <)
q(XCLUXD4 ) >0

Then for any 6 € (0pyq,,1) and any T = 1,2, ..., each full-support pr € Py satisfies the following: for

any q € My (0), there exists ep € (0,1) such that, for any e € (0,e7) and any sp € S,

Vs' € S(s7) N supp(q), v(sr; (1 —€)pr+e-q) > v(s'; (1 —€)pr+e-q). (13)
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Proof. See Appendix.

Lemma B is in fact stronger than External Stability because we know that for any (mutant strategy)
s e ~%°+1, it is outperformed by its induced T-period tolerant strategy, which is in the support of pr.

The sufficient set of mutant strategies, Mr(d), can be interpreted as “‘dispersed distributions”
such that mutants do not concentrate heavily on some X, -strategy. My (J) requires only that tolerant
strategies whose tolerant phase last 7'+ 1 periods or longer emerge in a dispersed way. Since there
are infinitely many strategies even within the tolerant strategy class, unlike Kandori et all (I993),
there is no guarantee that in the long-run, mutants can coordinate on a particular strategy. Instead,
it is natural that mutant strategy distributions have a wide support. (M7(d) includes ¢’s with full-
support.)

My (9) is nearly the necessary and sufficient set for external stability. From Proposition B, if the
relative ratio of mutant strategies is exactly the C-D ratio, the post-entry distribution becomes a new
Nash equilibrium. From Remark B, if a mutant distribution concentrates on some secret-handshake
X,-strategy, they can invade a tolerant equilibrium.

The evolutionary stability result of all tolerant equilibria is as follows. To construct a non-empty
interior, we consider upper bounds to the tolerant phase in the society, m =T+ 1,T +2,.... For each

m < oo, we can use the ordinary, finite-dimensional Euclidean space topology on 77(5'6”).

Proposition 3 For any 6 € (8 1), any T =0,1,2,..., anym =T+ 1,T+2,..., and any full

codo?

support pr € Py, there exists M C My () NP( ~6") with a non-empty interior such that pr is MS(M ).

Proof. See Appendix.

The idea of the proof is as follows. There exists (in fact many) ¢ € My (8) Nint(P(Sg)) such that

Vk=0,1,...,T—1, ¥ s, € Sy, q(s) = pr(si),

Vs € Sr, q(sT) + Z q(s') = pr(sr).
s'€S(sr)

29



By External Stability of Lemma B, for sufficiently small €’s, and each s € S,

> q(s)o(s'; (1 — €)pr + € q) + q(s7)v(sT; (1 — €)pr + € - q)
s'€S(sT)Nsupp(q)

< Z q(s)v(st; (1 — €)pr +€-q) + q(sr)v(s; (1 — €)pr + € q)
s'€S(sT)Nsupp(q)

=lgst)+ Y. &) v(sri(1—€pr+e-q)
s'€S(sT)Nsupp(q)

= pr(st) - v(sr; (1 —€)pr +e€-q) from the definition of q.
Also by the definition of ¢, for any k = 0,1,...,7 — 1 and s € S,
q(se)v(sk; (1 — €)pr + € q) = pr(sk)v(se; (1 — €)pr + € q).
Hence

> ashu(ss(L—e)pr+e-q)

8’€supp(q)
:ZZ v(sk; (1 —€)pr + ¢ q)
k=0 s, €S,
+ > qlsm)v(srs(L—e)pr+e-q)+ > > as(ss(1—epr+e-q)
STGST sTES'T S’GS(ST)ﬂsupp(q)

< Z > pr(se)v(sei(1—€pr+e-q)+ > pr(sr)-v(sr;(1—e)pr+e-q)

k=0 SkGSk ST€§T

= > pr(sn)u(srs (L= e)pr + )
seST

Since we constructed ¢ in the interior of 77(5'6”), we can find an open ball around it.

However, this is only an example of the existence of M for MS(M ), and unfortunately we do not
have a result closer to the characterization of the sufficient set M for Mean Stability. The difficulty
lies in the non-linear average payoff structure and the vast variety of strategies in the VSRPD.

For the simplest case of T' = 0, our companion paper Fujiwara-Greve and Okuno-Fujiward (2019)
shows that in fact the set very similar to My(d) makes the fundamentally asymmetric equilibrium

Neutrally Stable, which is slightly weaker than Mean Stability.
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Definition 12 Given M C Q, a stationary strategy distribution in the matching pool p* € Q satisfies
Neutral Stability with respect to the mutants from M (denoted NS(M)) if, for any ¢ € M, there exists
€ € (0,1) such that for any € € (0,€),
S opeu(sA-aptte-q) = > qlsh(ss (1 —e)p"+e-q). (14)
s€supp(p*) s'€supp(q)
Remark 3 (Fupwara-Greve and Okuno-Fujward (2019)) For any § € (8.,4,,1), the bimorphic Nash

equilibrium peya, (8) = @(8)co + {1 — @(8) }dy satisfies NS(M(5)), where

— : q(XCy) _
Moy (6) :=qq € P(Sg° sup <a(d) .
ol®) { S Xe{C,D}*, k=12,... q(XCLUXDy) ( )}
¢(XCLUXD4)>0

To add, consider another refinement concept, belief-free (e.g., Ely et all, 2005). In any equilibrium
consisting of match-independent strategies, beliefs regarding the past (unobserved) behavior of a new
opponent does not matter. Hence, our tolerant equilibria as well as all existing equilibria in the
literature, in particular the symmetric trust-building equilibria in Greve-Okuno, are belief-free. This
is a contrasting result to Heller (2017). He showed that in ordinary repeated games, only the trivial
equilibria of the repetition of the one-shot Nash equilibrium may satisfy evolutionary stability or
neutral stability. The difference between our result and Heller’'s comes from the special “imperfect
monitoring” structure of our model: no information at the time of a new match and perfect monitoring

during a partnership.

3.6 Stability comparison with other equilibria

There are numerous other Nash equilibria in the VSRPD. One salient class is strategy distributions
consisting of “always-D”-strategies. As shown in the companion paper, Fujiwara-Greve and Okuno
Fujiward (2019), the monomorphic dp-distribution, which is a Nash equilibrium at any ¢ € (0,1), does
not satisfy External Stability nor NS(M((d)). We show that any distribution consisting of tolerant

but always-D-strategies is also less stable than any tolerant equilibrium.
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Proposition 4 Take any Nash equilibrium p such that supp(p) C {D’;jO | k€{0,1,...,K}} for some
K < oo.

(i) For any 0 € (0,1), p does not satisfy S-NS(S).

(ii) Let 7(p) = max{k : Dso € supp(p)} be the mazximal duration of the tolerant phase in the sup-
port. For any 6 € (8.4,,1), p does not satisfy External Stability with respect to Mr(8) for any

T=012,...,7.
Proof. See Appendix.

For Proposition @ (i), we show that there is a secret-handshake strategy (which tolerate one period
longer than all existing players and cooperate if the partnership continues) that earns a higher post-
entry payoff than the most tolerant Dso, so the original Nash equilibrium is not a S-NS(S). For (ii),
we show that even if we restrict mutant distributions to be “dispersed”, there is a bimorphic mutant
distribution ¢ = « - Dg(j‘l + (1 - oz)D;er+1 such that ¢ € Mp(6) for any T' = 0,1,2,...,7. Using
the Dg;‘ Lstrategy as a “spring board”?, the Dg:l—strategy outperforms all constituent strategies in
supp(p)-

Let us turn to the trust-building equilibria in Greve-Okuno, which satisfy S-NS(S) for sufficiently

long initial trust-building phase.

Definition 13 For each T = 1,2, ..., let the cp-strategy be a strategy such that
t £ T (Trust-building phase): Play D and keep if and only if (D, D) is observed in that period;

t 2T+ 1 (Cooperation phase): Play C and keep if and only if (C,C) is observed in that period.

Proposition 5 There exists §(c0) € (0, 1) such that for any § € (d(c0), 1), there exists 7(§) such that
the monomorphic distribution of cp-strategy satisfies S-NS(S) for any T > 7(9), but does not satisfy
External Stability with respect to My(d) for any ¢t =0,1,2,...,T — 1, i.e., there exists ¢ € M(J) and
s € supp(q) such that

v(s;(1—€)er+e€-q) >v(er; (1 —e)er +€-q), Ve € (0,1).

26This argument is different from the indirect invasion in kan Veelen (201%). The D;;'l-mutants need to bring some

D7 F'-mutants in order to beat the incumbents.
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Proof. See Appendix. The bounds §(c0) and 7(9) are constructed in Greve-Okuno.

The “intolerance” in the trust-building phase makes the monomorphic cp-distribution vulnerable to
some bimorphic mutant distributions containing the tolerant DCTO—strategy and an earlier cooperator
DT-1C, -strategy. Although the c7- and Dgo—strategy have the same play path when they meet among
themselves, the tolerant mutant Dgo—strategy does not end a partnership with the earlier cooperator
DT-1C, -strategy, while the intolerant cp-player does, missing the opportunity to establish a long-
term cooperative relationship. Like the logic of Proposition @ (ii), the tolerant Dg;—strategy can
use the earlier cooperator DT ~!C, -strategy as the spring board to outperform the incumbent cz-
strategy. The stability of the monomorphic cp-strategy hinged on the restriction of monomorphic
mutants. (Proposition B implies that the cp-equilibrium does not satisfy S-NS(M;(0)) for any t =
0,1,2,...,T — 1, either.)

A tolerant monomorphic trust-building equilibrium DZO for sufficiently long T is not so stable,
either. It is vulnerable to indirect invasion (van_Veelen, P017) because the intolerant cp-strategy
can emerge in the population (since they have the same play path among themselves) and then get

defeated by the mutant distributions in Proposition .
4 Concluding Remarks

We discuss how the logic of this paper may extend to other stage games with voluntary separation,
how our result can be interpreted in the network context, and future research directions.

The construction of the fundamentally asymmetric equilibrium is thanks to the Prisoner’s Dilemma
payoff structure (non-myopic action combination is beneficial if it is repeated) and the voluntary nature
of the partnerships (cooperators can avoid exploitation). By contrast, the extension to the tolerant
equilibria is due to the recursive structure of the dynamic game. With the stationary birth/death
process and a fixed stage game, we can internalize the matching pool distribution within partnerships.
Hence, for any stage game, it is possible to construct tolerant equilibria based on equilibria with on-

path separation. However, the most striking result is for the Prisoner’s Dilemma. (It is also possible
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to construct tolerant versions of polymorphic trust-building equilibria in the VSRPD, for example
adding initial tolerant phase to an equilibrium consisting of some cp- and cryq-strategy. However
such tolerant trust-building equilibria do not exhibit as diverse behavior patterns as those based on
the co-do equilibrium, because in the former, (D, D) (as well as (C, C)) leads to mutual cooperation.)

In the context of social games, the VSRPD approach is a first step towards a unified analysis
of network formation and within-network strategic behavior. There is a large literature of network
formation (see for example, Tackson, 200R), but the strategic behavior within a network and dynamic
change of the network are usually separately analyzed.” We showed that a huge variety of pairwise

cooperative networks (between X, -players) and non-networking do-players™

can co-exist in the society
over the long horizon. This also implies that it is not guaranteed that all agents in the society end up
in a (long-term) network (cf. Cho and Mafsui, 2017).

There are many interesting future research directions. Although we motivated the VSRPD frame-
work by globalization, advancement of information technology should give some information about
newly matched opponents. Then an equilibrium must take into account the cost of such informa-
tion and the benefit of improved punishments. Note, however, that improved information may tempt
the society to aim for a personalized-punishment system to provide cooperation incentives. But
personalized-punishment strategies are not belief-free, and do not provide a “safety net” property of
partnership-independent equilibria like tolerant equilibria.

Another important extension is a two population model of firms and workers, to make a closed
model of efficiency wage theory (e.g., Okimd, T981% and Shapiro and Stiglitz, 1984). If there is an

equilibrium in which a cooperative strategy (to work hard) and a myopic strategy (to shirk) co-exist

among workers, it would give a further rationale to equilibrium unemployment.

Appendix

27 An exception is Immaorhica ef.all (20114).

28The exploiters, X4,-players, can be an intermediate type of short-term networking players.

29The English version is Okuno-Fujiwara (T987), but we cite the Japanese version to show that it precedes Shapird
and Stiglit7 (I9s4).
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Proof of Lemma M. By definition,

U(s;p) _ U(s;p) + AU(3, 5;p)
7 Lisip) ~ Llsip) + AL(3.5p)
<= Ul(s;p) - AL(3,s;p) > L(s;p) - AU(3, 55 p),

because L(s;p) = 1 and L(8;p) = L(s;p) + AL(8, s;p) = 1 for any s, §, p.
If AL(8,s;p) > 0, then the inequality (IH) is equivalent to

Ul(s;p) S AU(3, s;p)
L(s;p) = AL(3,8;p)

If AL(S,s;p) <0, then (I3) is equivalent to

U(s;p) - AU(8,s;p)  —AU(S,s;p)
L(s;p) ~ AL(8,s;p) —AL(8,sp)°

Proof of Lemma 2.

We show the “max” part by induction on J. The “min” part is analogous.

The statement clearly holds for J = 1. Suppose that the claim holds for J =n — 1.

Take any Aj,...,A, € Rand any By,...,B, € R ..

) A
Let % = max;j—12..n B—: We want to show that

>t Ay _ Ai+ X ien o iy Ai < Ai
Y- B BitYepa..apny Bi T B

which is equivalent to
D je{12, it A < é
Yjefiz. ot Bi T Bi

(15)

Q.E.D.

(This equivalence uses the assumption that all B;’s are positive.) Since the claim holds for J =n —1,

Zj€{1,2,...,n}\{i}A < ma {A]
Zje{l,Q,...,n}\{i} i Je{1,2,. 7n}\{z} B;

By the definition,

e
je{1, 2 ..... n}\{z} B ,...7n Bj B;
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Therefore,

etz aniit Al _ A

17

Ytz Bi T Bil
Q.E.D.

Before giving the proof of Proposition B, recall the concept of induced tolerant strategies, which
makes payoff comparisons easy, and a lemma that gives the payoff difference between a tolerant

strategy and its induced less-tolerant strategy.

Lemma 6 For any k = 1,2,..., any k-period tolerant strateqy X, € Sk, its induced (k — 1)-period
tolerant strategy X’xk € S,_1 and any p € 73(5’80), the total expected payoff difference is
AU(X,, X}, ;p) =67 > [P(XC1)U (2, c0) + p(XDy)U (2, do)]
Xe{C,D}*
(X1, X1)#(C,C) Vt=1,...k
Proof of Lemma B. Fix an arbitrary k& € {1,2,...}. For notational simplicity, let § = X, be a k-

period tolerant strategy and its induced (k — 1)-period tolerant strategy be s* = XfEk Fix an arbitrary

r-period tolerant strategy s = X; as the partner.

Step 1: If 7 < k — 1, then § and s* have the same payoff sequence in the partnership with s:

Vr<k—1,VXse 8, U X;:) —U(s*,X;) =0. (16)

Proof of Step 1: In the first period of the match with s, both § and s* obtain the one-shot payoff
of u(Xl,Xl). If (Xl,f(l) = (C, (), then both § and s* obtain the sequence of payoffs ¢, ¢, ... as long
as the partners lives.

If (X, Xl) # (C,C), both partners survive, and 7 > 0, then in the second period of the match
with s = Xz, both § and s* obtain the same one-shot payoff of u(Xs, X2). If (X2, X2) = (C,C), then
both § and s* obtain the sequence of payoffs ¢, c, ... as long as the partners live.

This is repeated until the 7-th period of the match as long as (C,C') is not established and both

partners survive. In the 7 + 1 period of the match after (X,, X;) # (C,C), s commits to Z € {co, do}.
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Since § and s* have not committed and have the same action plan at 7+ 1, the payoff sequences that

s and s* obtain with s are the same. O

Using the same logic, if the partner is a k-period tolerant strategy, the payoff difference of § and

s* lies only in k + 1-th period and when (C, C') has not been established:

0 if (X¢,X;)=(C,C), I3t=1,2,...k,

17
62kU(z,2) otherwise, (a7)

VX; € Sp, U(3,Xz) - U(s", X;z) = {

where z is the commitment strategy of §.
Next, we show that, among k-period or more tolerant partners, it is sufficient to look at k-period

tolerant partners, to compare the payoff of § and s*.

Step 2: For any k -period action sequence X e {C, D}*,

Proof of Step 2: Recall that § commits to one of the cyg- or the dyp-strategies in k + 1-th period
at latest. If (X;, X;) = (C,C) at some t < k, clearly U(3,Xz) = U(3,X,,) = U(3,Xg,) for any Z,
since k + l-period-plan does not matter. If (Xt,f(t) # (C,C) for all t < k, in k + 1-th period, the
continuation payoff sequence of § depends only on the k + 1-th period action by the partner, because

$ plays either ¢y or dp. Hence any zZ € C; (resp. Z € D+) gives the same payoff as ¢y (resp. dp) by

the partner. Q.E.D.

Proof of Proposition 2. Fix an arbitrary ¢ € (4, 1), an arbitrary T'=1,2, ..., and an arbitrary

codo?

pr € Pr. As in the one-period tolerant equilibrium example, it suffices to show the payoff equivalence

of all constituent strategies:
Vk=0,1,....T, VX; € supp(pr), v(X:;pr) = vo(co; (d)) = vo(do; @(6))-

By mathematical induction, we show that any k-period tolerant strategy and its induced (k—1)-period

tolerant strategy have the same payoff under pr.
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Consider the cg- and dg-strategy, if they are in the support of the pp. The share of C-start

(tolerant) strategies in the matching pool determines their average payoffs. By construction, pr
pr (C+)

tisfies pr(Cy) = —F/——~
satisfies pr(Cy) oz (C2uD3)

= a(d). Hence
v(co; pr) = v(co; pr(Cs+)) = volco; @(d)) = vo(do; a(8)) = v(do; pr)- (18)

Take any 1-period tolerant strategy X, € supp(pr) and its induced 0-period tolerant strategy

cg if X=C
xr =
dy if X = D.

By Lemmas B and B and the definition of pr,

*Y xerepy Pr(XCU(z,¢0) + pr(XDy)U(z, do)
AU(X., z;pr) _ (X,X)£(C,C)
AL(Xzyx;ﬁT) 522 Xe{c,D} pr(XCy)L(z,¢0) + pr(X D4 )L(z,do)
(X, X)#(C,C)
> xefopy Pr(XCrUXD){a(6)U(z, o) + (1 —a())U(z,do)}
__(XXHCO) ]
> xeopy Pr(XChrUXDy{a(d)L(z,co) + (1 —a(0))L(z,do)}
(X, X)#£(C,0)

— vo(;a(5)).

Since z,z € {cg,do},

By Lemma [ (i), this implies that
v(Xz; pr) = v(®; pr).

Assume that for each m = 0,1,...,k — 1, it is true that any m-period tolerant strategy X, €

supp(pr) is payoff-equivalent to its induced (m — 1)-period tolerant strategy X/ . (Then they

.
are all payoff-equivalent to the cop- and dp-strategy as well.) Take any k-period tolerant strategy
X, € supp(pr), and its induced (k — 1)-period tolerant strategy X/, € Sp_1. (If X, € supp(pr) does

not exist, the Lemma trivially holds.) By Lemmas 2 and B,

;- 2 Xe{C,D}* ﬁT(XC+ U XD+)U0 (z;&(é))
AU(XZ’Xxk9pT) (X, X)A(C,C) Vi=1,...k

AL Xoib1) S g pr(XCy UXD, ) Lo <z;a(5))
(X1, X0)#(C,C) Vi=1,....k

= vo(z;a(6)) = v(co; pr) = v(do; P1)- (19)
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By assumption, any (m — 1)-period tolerant strategy is payoff-equivalent to ¢y (or dp). Hence (I9)
implies that
AU(Xza X;k ) ﬁT)
AL(XZ7 X/mk ; ﬁT)

= U(X;k;ﬁT).

/
T

By Lemma [0 (i), this implies that X, is payoff-equivalent to X! , which is payoff-equivalent to the
co- and dp-strategy. Finally, recall Lemma @ (Lemma 5 of GOS) which implies that payoff-equivalence
guarantees that the distribution is a Nash equilibrium. This completes the proof of Proposition B.

Q.E.D.

Before going to the proof of Lemma B, we give bounds to the average payoff difference between
a k-period tolerant strategy and its induced m-period tolerant strategy (see Definition [) for any

m < k.

Lemma 7 Fiz any k =1,2,... and any m < k. Take any k-period tolerant strateqy X, € Sy and its

induced m-period tolerant strateqy X/ € Sp. Then, for any p € P(S5°),

Tm+1
AU(X,, X, XC
(X fm“ P) <  max _ max Vo <zj+1; Np( JZ) ); (20)
AL(X:, Xl 5p) ~g=mtlok  Xe{C,DY p(XC, UXD,)
(Xt7Xt)§£(C,C)7Vt:1,...,j
AUX,, X XC
(X /mmﬂ P) =  min _min vo (:Ej+1; ~p( —t) ), (21)
AL(X, XY, ,,3P) ~i=mtl.ok  Xe{C,DY p(XCL UXDy)
(Xt,Xt)#(C,C),Vt:].,...,j
where
Co if Xj+1 =C
Tj+1 = .
d() if Xj+1 = D,
forg=m+4+1,...)k—1, and xp41 = 2.

Proof of Lemma M. Take any m < k and a k-period tolerant strategy s := X, € S;. For each
j=m,m+1,...,k—1, s;’s induced j-period tolerant strategy s; = Xf,:j+1 € S'j is defined by
X/ = (Xl, ce ,Xj);
{% if X;i=C
Tj1 =

do if Xj41=D.
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For any p € 77(5’80 ), the payoff difference between sy and s,, can be decomposed as

k
AU (sk, m;p) = AU (sg, sk-1;9) + AU (8k-1, $k-2;p) + - - -+ AU (Smp1,5mip) = Y, AU(sj,85-1;p)-
j=m+1

Similarly, the expected partnership length difference is decomposed as

k
AL(Sk, $m;p) = AL(sk, $p-13p) + AL(Sk—1,55-2:D) + .- + AL(Smi1,$m;p) = AL(s,85-15p).

j=m+1
By Lemma B, for each j=m+1,m+2,...,k,
i (X v . (XCq)
Z XE{C,D}j 52*7 p(XC+ U XD+)U() (.%'j.l,_l, m)

AU(sj,8j-1;P) (X0, X0)A(C,C) Vi=1,...,j

AL(sj s5-139) 3

LS & XC '
XE{C,D}j 52] p(XC+ U XD+)LO (l‘j+1; p(XpC(V+U§)D+))

(Xtht)7é(Cvc) Vtzlv--vj

(Note that xx4+1 = z.) By Lemma B, for each j = m +1,m+ 2,...,k, % is bounded as

follows.
AU (sj,8j-1; XC
e | (YT oS S (22)
AL(sj; sj-1;p) Xe{C,D} p(XCy UXDy)
(Xe,X0)#(C,0) Vt=1,....j
Furthermore, by Lemma B again,
k
AU(sk, 5mip) _ 2uj=mir AU(sj 8150) - AU(s),55-1;) (23)
AL(sk,smip) SOV AU(sj,sj-1;p) — d=m+look AL(sj, 55-1;p)
(22) and (23) imply that
AU ; AU (s, 8j-1; XC
(Sk,Sm,p) é max (3373] 17p) g max max U(](.Tj+1; ~p( ‘t) )
AL(Sk, Sm;p) — j=m+1,...k AL(Sj,8j-1;p) — j=m+1,..k Xe{C, D} p(XCLUXDy)
(X1, X0)#(C,C) Vt=1,....j
This is (20). Derivation of (1) is analogous. Q.E.D.
Proof of Lemma B. Fix an arbitrary § € (J..4,,1), an arbitrary 7" = 0,1,2,..., an arbitrary

q € Mr(9), and any st € Sr. (Since pr is full-support, st € supp(pr).) Let

X
= s UXC) (o))
Xe{C,pyT+, k-12,.. 4(XC+ UXDy)
q¢(XC1UXD4)>0
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Step 1: There exists €(s7) € (0,1) such that for any € € (0,€(s7)),
v(st; (1 = €)pr + € q) > max{vo(co; &), vo(do; &)}
Proof of Step 1: This is straightforward from

lim v(s7; (1 — €)pr + € - q) = vo(co; @(d)) = vo(do; @(J))

e—0
and the fact that vo(co;a) and vo(dp; ) are increasing in «, so that max{vg(co; &), vo(do; &)} <

vo(co; a@(d)) = vo(do; @(9)). O

Without loss of generality, assume that S(s7) N supp(q) # 0 (if not, the statement (I3) is trivial)
and take any s’ = X, € S(s7) N supp(q) (thus |X| =T + k for some k = 1 and z € {cg,dp}). Since
S(s) N supp(q) # 0, ¢(XC UXD,) > 0. Below, write p©'F(¢) = (1 — €)pr + € - q for any € € (0, 1).

Step 2:
AU(s', sp; pTF (e))
AL(s', s7; pPE(e))

Proof of Step 2: The bound (20) in Lemma @ implies that

Ve € (0,1),

< max{vo(co; &), vo(do; &)} (24)

AU(s', sp;p"F (e)) i s . (x R
AL(s', s7;pPE(€)) = j=T+1,..T+k Xe{C,D} 7t " pPE(
(X1, %) £(C,C) Vi=1,...j

PEXCy) )
CLUXDy)/’

where 41 = ¢ (resp. do) if Xj41 = C (resp. D) foreach j =T+1,...,T+k—1, and 74441 = 2.

Since XC. and XD, are subsets of T+1-period and longer tolerant strategies, p"’%(XC) = e-¢(XC4)

and pPP(XC, UXD,) = e-q(XCy UXD,).® Hence the above inequality is equivalent to

¢(XCy) )
(XC, UXDy)/

AU(S/,ST;pPE(E)) < max max vo (l’ ¥
AL(s', s7;pPE(€)) — j=T+1,..T+k Xe{C,D} AR q
(Xt,Xt)?é(C,C) Vi=1,....

Thus the upper bound is independent of e.
Since vo(co; ) and vo(dp; ) are increasing in «, and by the assumption ¢ € Mp(d), for each

j=T+1,....,T+k,

A

a3 >) < (w413 &) < max{vg(co; &), vo(do; &)},

. max V0 (xj+1; = -
Xe{C,D}Y q(XCr UXDy
(X1, X1)£(C,C) Vt=1,....j

30This is not always true if the equilibrium pr is not full support. For example, if some k < T-period tolerant strategies
are absent in pr, then the class of XCy can contain both equilibrium strategies and mutant strategies.
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i.e., (24) holds. O

Finally, note that St is a finite set. Hence there exists

€r = min €(sr),
STEST

and by Steps 1 and 2, for any € € (0,€r), any sp € Sy, and any s’ € S(s7) N supp(q),

AU(S, sT3p"" (€))
AL(s', s7; pPF (e))

< max{vo(co; &), vo(do; &)} < v(s;p"E(e)).
By Lemma 0 (i),

o(s'p"F (e)) < v(sTip"F (e)). Q.E.D.

Proof of Proposition B. Fix any 7' € {0,1,2,...}, any pr € Pp and any m € {T + 1,7 +2,...}.

Step 1: There exists (in fact many) g € Mp(8) Nint(P(Sg)) such that

szoala"'7T_17 vsk egka q(sk):ﬁT(sk)7 (25)
Vsr € St, q(st) + Z q(s') = pr(sr). (26)
s'e€S(st)

Proof of Step 1: Recall that My (8) does not restrict g(s) for any s € Sy, for any k =0,1,...,T, and
only the relative ratio among s € Sy, for k =T +1,T +2,.... Hence there exists ¢ which satisfies the
above equalities in Mz (). Moreover, such ¢ can be a “full-support” ¢ € int(P(S§")) because Mr(6)

does not require that any strategy has a 0 probability, and since pr is full-support, pr(sx) > 0 for any

k=0,1,...,T. N
Step 2: The above ¢ satisfies (I2). That is, there exists € € (0,1) such that for any € € (0,€r),

> pr(u(ssA—eprte-q)> > q(su(ss(1—e)pr +e-q). (I2)
s€supp(pr) s’ €supp(q)

Proof of Step 2: Since ¢ € Mr(9), External Stability Lemma 5 implies that there exists er € (0,1)

such that for any € € (0,€r),

Vsp € Sy, Vs € S(st) Nsupp(q), v(sr;(1—e)pr+e-q) >v(s’;(1—e)pr+e-q).
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Therefore, for each sy € St,

> q(sho(s's (1 —€)pr + € q) + q(sT)v(sT; (1 — €)pr + € - q)
s'€S(s7)Nsupp(q)

< ST (st (1 - Opr + e q) +alsr)v(srs (1 - )pr + € q)
s'€S(sT)Nsupp(q)

=lgst)+ Y. a4 -vlsr;(1—€pr+e-q)
s'€S(sT)Nsupp(q)

= pr(sr) - v(sr; (1 —€)pr +€-q) from (28).
Summing up both sides for all sp’s,

Z q(sT)v(st; (1 —€)pr +€-q) + Z Z q(sHho(s's (1 —e)pr +€-q)

STES'T STEST S’GS(ST)ﬂsupp(q)

< Z pr(sr) - v(sri (1 —€)pr +€-q).
STEST

From (23), for any £k =0,1,...,7 — 1 and s; € Sk,
q(sk)v(sk; (1 — €)pr + € q) = pr(sk)v(sk; (1 — €)pr + € q).

Adding all these gives

ZZ v(sk; (1 — €)pr +€- q)

k=0 SkGSk

+ Z v(sr; (1 —€)pr+e-q) Z Z q(sv(s'; (1 —€)pr +€-q)

STGST STEST S,GS(ST)QSUPP(‘])

< Z > pr(s)v(sk; (1 - €)pr +¢-q)

k=0 s, €S,
+ > pr(sr)-v(sri(1—€)pr+e-q).

STGST

Since supp(q) = S§* and supp(pr) = ST, the LHS is Zs/esupp(q) q(s")v(s'; (1 — €)pr + € - ¢) and the

RHS is ZszpppT)pT( s)v(s; (1 —e€)pr +¢€-q). O

Step 3: There exists a (sufficiently small) real number r > 0 such that for any ¢’ € int(P(S§")) such

that |¢ — ¢'| <r, ¢ € Mp(d) and

S oprsu(ss(l—eprte-q)> > d(ss(L—e)pr+e-q). (27)

s€supp(pr) s’ €supp(q)
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Proof of Step 3: Since the condition of Mp(9) is a strict inequality, there exists 71 > 0 such that for
any ¢ € int(P(S5")) such that |q — ¢'| < 71,
q(XCy)
sup

xe{C,p}T+k, k=12, ¢ (XCr UXDy)
¢ (XC4UXD4 ) >0

< a(f)

holds, i.e., ¢ € Mp(d).

Since (I2) is a strict inequality, there exists another ro > 0 such that for any ¢” € int(P(S§"))

such that |¢ — ¢"| < 7,

’ > (s —aprte-q)— > q" (s (1 —e)pr+e-q’)

s'€supp(q) s’€supp(q)
< D, s -aprteaq) = Y als)(si (1-pr +eq).
s€supp(Pr) s'€supp(q)
Take r = min{ry, 72} and we have (£2). O

Step 3 shows that there is an open ball around each ¢ in Step 1 with a non-empty interior which

makes pr mean stable. Q.E.D.

Proof of Proposition @. (i) Fix an arbitrary polymorphic Nash equilibrium p such that supp(p) C

{Dfio | k€{0,1,...,K}}. We show that p is not a S-NS(S) for any § € (0,1). Consider the secret-

handshake strategy Dgo"r 1 against the maximal tolerant strategy in the support of p. The payoff
sequences of the strategies in p, DZ;‘ 1 and D;;rl are shown in Table 0.

Let p©'® = (1 — ¢)p+ €+ DL, From Table B,

AU(DZ™, Dy ;p"")

AL(DZ™, DF ; pPP)

=c>d= v(Dgo;pPE).
By Lemma [ (i),
Ve € (0,1),0(Dg™5p"") > v(Df;p"™).

Therefore p is not a S-NS(S) (although do, Dg, etc. may not exist in p, D} exists).
(ii) Recall that the maximal duration of the tolerant phase among the equilibrium strategies is denoted

by 7 = max{k : Dljo € supp(p)}. Then 7 < K < oco. We show that p does not satisfy External

44



you \ partner | dy | Dy, D, Dz D;OH
do d d d d d
Du, d | d.d d,d d,d d,d
741 times 741 times 741 times
——
Dy d | dd d,---.d d,---.d d,---.d
741 times | 7+1 times 7+1 times
11 —_—— | — ——
DI d | dd d-.d|d--.decc... |d-,dt
741 times 741 times 741 times
1 —— —— ——
D} d | dd d---d| d--.dg |d---.d.d

Table 4: Payoff sequence comparison for D-always equilibrium

Stability with respect to Mrp(d) for any T' = 0,1,2,...,7. Consider a mutant strategy distribution
¢=a- D' 4+ (1- a)DQ;H such that a € (0,@(9)). For any T' = 0,1,2,...,7, ¢ € Mp(d). Let

pPF = (1 —€)p+ € - q. We show that
Vs € supp(p), Ve € (0,1),v(s;p"") < v(DZ;p"P).

For any equilibrium strategy ijo € supp(p), the mutant strategy Dgoﬂ is more tolerant and hence
AL(D;;A, DSO;pPE) > 0. In view of Lemma [, it suffices to show that

AU(D ™, Dk ;pPP)

> o(DE pPP) = d. 28
AL(D3, Dk pPE) = (Da v 2

Consider k£ = 0 as an example. From Table H,

AU(DF, do; p"")
=(1 = &)[p(Day)8°d + p(D3,)(6°d + 6*d) + - -- + p(Dj ) (8*d + - - - + §°7d)]
+ €[6%d 4 02 (ag + (1 — @)d)]
= (1 —epDi1=m = 7)6%d+ (1 —e)p(D;2 Sm S 7)d*d+ -+ [(1 — )p(Dy,) + €]6d

+ e Dag + (1 — a)d).
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you \ partner cr DZ; D¢,
T times T times T—1 times
——
cr d,---,d,c,... | d,--,d,c,... | d,---,d,g
T times T times T—1 times
T —— —_——
D, d,---,d,c,... | d,---,d,c,... | d,--- ,d,g,c,...

Table 5: Payoff sequences of the intolerant ¢y and tolerant DCT0

Analogously, for an arbitrary k,
.
AUDGH, DY pPE) = S p(DRin S m < 1) 6%d + e6%7d + e6* T V]ag + (1 — a)d);
n=k+1

AL(DG, D sp™P) = > p(Difin Sm S 7). 6% 4 e6° 4?7,
n=k+1

By Lemma B, for any € € (0,1) and any a > 0, we have
AU(D}, Dk :pPP)

2> min{d, v(dp; )} 2 d.
AL(D}, Db pPP) = nidvldo; )} = )
This completes the proof of (ii). Q.E.D.

Proof of Proposition B. The fact that a cp-distribution satisfies S-NS(S) for T' = 7(6) is proved
in Greve-Okuno. Consider ¢ = SDT1C,, + (1 — ,B)D;";. Take an arbitrary ¢ € (0,1) and let pP'” =
(1 —€)ep + € - q. The payoff difference between the (intolerant) trust-building cp-strategy and the
tolerant Dgo—strategy is when they meet the earlier cooperator DT ~1C, -strategy. In t = T, the cp-
player receives g but ends the partnership, while the tolerant DCTO—strategy keeps the partnership to
establish a long-term cooperative partnership from 7"+ 1-the period on. See Table B. Hence

AU (DL, cp; pP'F)

co’ —

AL(DT jcp;pPP)

Note that this does not depend on § or €. The post-entry average payoff of cp is

pE) 1+ 4+ 62T2)d + S2TD{(1 - €) + (1 — B)Hd + 155) + € - By]
{1—)+el= B}t +e- B0

When 8 =0, v(cr; pPF) = v(er,er) = (1 — §?T)d + 6*Tc < c. Hence there exists 8 € (0,1) such that

v(er;p

for any 3 € (0,3) and any € € (0, 1),

AU(Dg;v CT; pPE)
AL(DE, cr; pP'P)

co?

=c> ’U(CT;pPE).
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Then Lemma @ (i) implies that
VB € (0,8), Ve € (0,1), v(Dgy;p"™") > v(er;p"™),

violating External Stability. Finally, there exists 8 € (0, min{3,a(d)}) so that ¢ € M;(5) for any

t=0,1,2,...,7 — 1. Q.E.D.
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